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Eigenvalues in the essential spectrum of a weighted Sturm-Liouville operator are studied 
under the assumption that the weight function has one turning point. An abstract approach to 
the problem is given via a functional model for indefinite Sturm-Liouville operators. Algebraic 
multiplicities of eigenvalues are obtained. Also, operators with finite singular critical points are 
considered. 
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2^ 1 Introduction 

Let J be a signature operator in a complex Hilbert space H (i.e., J = J* = J -1 ). Then J = P + — P_ 
! and H = H + © H-, where P± are the orthogonal projections onto H± := ker( J =p /). 

Recall that a closed symmetric operator S (in a Hilbert space H) is said to be simple if there is 
no nontrivial reducing subspace in which S is self-adjoint. 
^ ■ This paper is concerned mainly with J-self-adjoint operators T such that T min := T n T* is a 
simple densely denned symmetric operator in H with the deficiency indices n + (T min ) = n^(T min ) = 2. 
This class includes weighted Sturm-Liouville operators 

A = ~ ( —J-P-T + o) ' r,-,qe Ll oc {a,b), -oo < a < < b < +oo, (1.1) 
r \ ax ax J p 

xr(x) > a.e. onl, p > a.e. on R, q is real- valued, (1-2) 

equipped with separated self-adjoint boundary conditions at a and b. This statement is a consequence 
of the fact that the weight function r has one turning point (i.e., the point where r changes sign), see 
e.g. |46j and Section 12.31 (11.21) fixes the turning point of r at 0, and therefore A is J-self-adjoint in 
the weighted space L 2 ((a, b), \r(x)\dx) with the operator J defined by (Jf)(x) := (sgax)f(x). Note 
that the case of one turning point of r is principal for applications in kinetic theory (see [HI El 
and a short review in [40j Section 1]). 
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The eigenvalue problem for a regular indefinite Sturm-Liouville operator was studied in a number 
of papers starting from Hilbert [33] (see e.g. (60, El SI El HEl [66] and references therein). Till 2005, 
the spectral properties of singular differential operators with an indefinite weight were studied mainly 
under the assumption of quasi J-nonnegativity, for A this means that cr(JA) D (— oo,0) is finite, for 
the definition and basic results see [T6l E3] - In last decades, big attention have been attracted by the 
problem of similarity of A to a self-adjoint operator and the close problem of regularity of critical 
points (see a short review in |44j ) . 

In this paper, the problem under consideration is a detailed description of the spectrum cr(T) of 
the operator T, of the set of eigenvalues (the point spectrum) u p (T), and of algebraic and geometric 
multiplicities of eigenvalues. In Section |2~2| after some analysis of the more general case n + (T m i n ) = 
n_(T min ) < oo, we assume the above conditions on T min and construct a functional model of T based 
on that of symmetric operators [22l [29| [57] . It occurs that, for the operator A, the main objects of 
this model are the spectral measures dH + and <i£_ of the classical Titchmarsh-Weyl m-coefficients 
associated with A on (a, 0) and (0,6) (see Section [231 for details). In the abstract case, d£± are the 
spectral measures of two abstract Weyl functions M± (see [2H [22] for basic facts) naturally associated 
with T and the signature operator J. 

In Section [3j the model is used to find all eigenvalues of T and their algebraic multiplicities in 
terms of M± and dH± (all geometric multiplicities are equal 1, the latter is obvious for the operator 
A). In turn, we obtain a description of the discrete and essential spectra and of the exceptional case 
when the resolvent set p(T) is empty. For the operator A, these abstract results on the spectra of 
T reduce the eigenvalue problem to the problem of description of M± and dH± (or some of their 
properties) in terms of coefficients p,q,r. The latter problem is difficult, but, fortunately, for some 
classes of coefficients is important for mathematical physics and is studied enough to get results on 
spectral properties of A (see Sections 13.31 and |4"1). 

Non-emptiness of p(A) is nontrivial and essential for the spectral analysis of A (see (U [61] and 
[4"2l Problem 3.3]). In Section [3731 the author generalizes slightly non-emptiness results noticed in 

[391 ssi sg. 

A part of this paper was obtained in the author's candidate thesis [35], announced in the short 
communication [3_H], and used essentially in [151 S2]- Some of these applications, as well as connections 
with [Hi dni HZ] and with the similarity problem, are discussed in Section [H 

Section [5] provides an alternative approach to the examples of J-self-adjoint Sturm-Liouville 
operators with the singular critical point given in [121 Sections 5 and 6] and [HI Section 5]. A class 
of operators with the singular critical point is constructed. Relationships of the paper [16] with 
the example of [121 Sections 6.1] and with Theorem 13.11 are discussed in Section El 

The main advance of the method of the present paper is that it provides description of real eigen- 
values and their algebraic multiplicities. The answer is especially nontrivial and has a rich structure 
in the case of embedded eigenvalues. The interest to the latter problem is partially motivated by the 
theory of kinetic equations of the Fokker-Plank (Kolmogorov) type (see references in Section 14721) . 
Also we drop completely the conditions of quasi- J-positivity and definitizability. 

The method of the paper is essentially based on the abstract approach to the theory of extensions 
of symmetric operators via boundary triplets, e.g. [1H1 [2U [20]. Some results on eigenvalues of non- 
self-adjoint extensions of symmetric operators were obtained in [211 [221 [181 119] with the use of this 
abstract approach. Relationships of these results with the results of the present paper are indicated 
in Remarks 12.51 and 13.41 There is a kindred approach to eigenvalue problem through characteristic 
functions, we refer the reader to the references in [23] . The characteristic function for the operator 
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A was calculated in [361 Proposition 3.9], but the analysis of [16] shows that it is difficult to apply 
this method to eigenvalue problem for the operator A. Connections with definitizability and local 
definitizability of A and T (see e.g. [5U[35] for basic facts and definitions) are given in Remarks 13.91 



Notation. Let H and Ti be Hilbert spaces with the scalar products (•, and (•, respectively. 
The domain, kernel, and range of a (linear) operator S in H is denoted by dom(S'), ker(S'), and ran(S'), 
respectively. If D is a subset of H, then SD is the image of 3D, SD := {Sh : h G D}, and D is the 
closure of D. 

The discrete spectrum (raise (SO of S is the set of isolated eigenvalues of finite algebraic multiplicity. 
The essential spectrum is defined by a ess (S) := a(S)\adi SC (S). The continuous spectrum is understood 
in the sense 



IZs (A) :— (S — A/) - , A G p(S), is the resolvent of S. Recall that an eigenvalue A of S is called 
semi-simple if ker(5* — A) 2 = ker(S' — A), and simple if it is semi-simple and dimker(S' — A) = 1. By 
y\(S) we denote the root subspace (the algebraic eigensubspace) of S corresponding to the point A. 
That is, y\(S) is the closed linear hull of the subspaces ker(5* — X) k , k G N. 

If S is a symmetric operator, n±(S) denote the deficiency indices of S (see the Appendix). 

The topological support supprfS of a Borel measure gE on M. is the smallest closed set S such 
that d£(M \ S) = 0; d£({A}) denotes the measure of point A (i.e., d£({A}) := S(A + 0) - E(A - 0)) 
if the measure dH is determined by a function of bounded variation S. We denote the indicator 
function of a set S by Xs( - )- We write / G L\ oc (a,b) (/ G AC\ oc (a,b)) if the function / is Lebesgue 
integrable (absolutely continuous) on every closed bounded interval [a', b'} C (a, b). 

2 The functional model for indefinite Sturm-Liouville oper- 
ators with one turning point 

2.1 Preliminaries; the functional model of a symmetric operator 

Recall a functional model of symmetric operator following [22], Section 5.2], [571 Section 7] (a close 
version of a functional model can be found in [29]). In this paper, we need only the case of deficiency 
indices (1,1). 

Let £(t) be a nondecreasing scalar function satisfying the conditions 



The operator of multiplication Qe : fit) ~^ tf(t) is self-adjoint in L 2 (R, eE(t)). It is assumed that 
Qs is defined on its natural domain 



and EH 



a c (S) := {A G C \ a p (S) : ran(5 - A) ^ ran(5 - A) = H }; 




E(t) = ^(E(t-0)+E(t + 0)), E 



(0) = 0. (2.1) 



dom(Q E ) = {/ G L 2 (M,rfE(t)) : / |t/(t)| 2 rfE(t) < oo} 
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Consider the following restriction of Q^: 

T s = Q s \ dom(T E ), dom(T s ) = {/ G dom(Q E ) : / f{t)dE(t) = 0}. 

Jm 

Then T E is a simple densely defined symmetric operator in L 2 (R, d£(t)) with deficiency indices (1,1). 
The adjoint operator has the form 

dom(T*) = {f = f Q + c : fa G dom(Q 2 ), c G C}, 

where the constant c is uniquely determined by the inclusion / — ct(t 2 + 1) _1 G dom(Qs) due to the 
second condition in (12. ip . 

Let C be a fixed real number. Define linear mappings Tq , r^'* 7 from dom(T£) onto C by 

r s / = c, If c / = cC+ [ fa(t)dZ(t), (2-3) 
where / = / Q + c G dom(T£), fa G dom(Q E ), c G C. 

Then {C, Tq , rf' c } is a boundary triplet for T£ (see [22], Proposition 5.2 (3)], basic facts on boundary 
triplets and abstract Weyl functions are given in the Appendix). The function 

M S , C (A) := C + jf - ^-^J tffi(t), A G C \ supp cffi, (2.4) 

is the corresponding Weyl function of T E . 

Another way to describe the operator T|j is the following (see [22]). Note that the domain 
dom (T£) consists of the functions / G L 2 (M, d£(t)) such that for some constant c G C the function 
f(t) := t/(t) — c belongs to L 2 (R, dE(t)). It follows from (12.11) that the constant c is uniquely 
determined and coincides with the constant c introduced in (12.21) . Therefore, 

c = r o s / and T*f = f. (2.5) 

2.2 The functional model for J-self-adjoint extensions of symmetric op- 
erators 

Let J be a signature operator in a Hilbert space H, i.e., J = J* 
H = H + © H_, where P± are the orthogonal projections onto H± 
Let T be a J-self-adjoint operator in H, i.e., the operator B = 
of T and B coincide, we denote them by 

V := dom(T) (= dom(S)). 

Put 

T min :=Tfl T*, V min := dom(T min ). 



= J" 1 . Then J = P + - P_ and 
:=ker(J^J). 

= JT is self-adjoint. The domains 
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By the definition, the operator T m i n is a symmetric operator and so is 

Pmin . B \ "Prnin JT m [ n . (2.6) 

Let S + and £_ be nondecreasing scalar functions satisfying (12. ip . Let C + and C_ be real 
constants. Consider the operator A = A {£+, C + , E_, C_} in L 2 (IR, dE + ) © L 2 (R, g?E_) defined by 

A C7+, E_, C_} = T* © T*_ \ dom(I), (2.7) 



dom(l) ={/ = /+ + /_ : f ± e dom(7£ ± ), 

r s+ /+ = r E -/_, r^ c+ u = r f-' c -/_ }, 

where are the operators defined in Subsection 12.11 

One of main results of this paper is the following theorem. 

Theorem 2.1. Let J be a signature operator in a separable Hilbert space H and let T be a J-self- 
adjoint operator such that T mm := T H T* is a simple densely defined symmetric operator in H with 
deficiency indices (2,2). Then there exist nondecreasing scalar functions S +; XL satisfying (12.11) and 
real constants C + , C_ such that T is unitarily equivalent to the operator A {£+, C + , £_, C_}. 

First, we prove several propositions that describe the structure of T as an extension of the 
symmetric operator T min , and then prove Theorem 12.11 at the end of this subsection. 

Proposition 2.2. Let T be a J -self- adjoint operator. Let the operators T^ in be defined by 

T± n := T \ X>± in , V± in = dom(T±J := V min fl H ± . (2.8) 

Then: 

(i) T^ in is a symmetric operator in the Hilbert space H± and 

T m in = T+ in © T min , B min = P+ in © B min , where B min := ±T mia . (2.9) 

(ii) // any of the following two conditions 

(a) P(T)^0 ; 

(b) n + (T min ) = n_(T min ) ; 

zs satisfied, then n+(T+ in ) = n_(T+ in ) and n+(T min ) = n_(T min ). 
In particular, (a) implies (b). 

Proof, (i) Since B = B* and £> = dom(T) = dom(P), we have T* = BJ and £> min = {f eVnJV: 
JBf = BJf}. So if / G X? min and 5 = J/, then ? eDnJDand 

= JPJ/ = JJP/ = £/ = PJ#. 

This implies Jl^mm C T> min (and in turn JV min = V min since J is a unitary operator). Hence, 
for / G V min we have P+/ + P_/ G £> min and P+/ - P_/ G X> min - So P±f G X> min and V min C 
(^min H © (©min H //"_). The inverse inclusion is obvious, and we see that 

©min = (©min H #+) © (P min D #_). 
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Now note that T mm (Z~> min PI H±) C H± . Indeed, let f± G T> min n i?±. Since J/± = ±/± and 
T/± = T*f±, we see that 

JS/± = £J/± = ±S/±. (2.10) 

Note that g G i/± is equivalent to Jg = ±g. So (12.101) implies Bf± G H±, and therefore the vector 
T m - m f± = Tf± = JBf± belongs to H±. 

The first part of (I2.9P is proved. Since T min is a symmetric operator in H, the operators T^ in are 
symmetric too. Finally, the second part of ( 12.91) follows from ( 12. 6ft and ( 12. lOj) . 

(ii) Since £? = B*, it easy to see that 

™+( 5 mm) + ™+( 5 min) = ^+(^min) = M 5 mm) = n_(S+, n ) + M^min) =: TO. (2.11) 

The equalities n±(T+ in ) = n ± (S^ n ) and n ± (T^ n ) = n T (S^ n ) imply 

n±(T min ) = n±(T+ n ) + n±(T min ) = n±(-B+, n ) + n T (B m J. (2.12) 

It follows from ( 12. lift and ( 12. 12ft that n+(T mm ) > m yields n_(T min ) < m. In this case, C_ C cr p (T) 
and H ^ (T — XI) dom(T) for A G C + . Hence, p(T) = 0. The case n + (T min ) < m, n_(T min ) > m is 
similar. Thus, if p(T) 7^ or n + (T min ) = n_(T min ), then 

™+( 5 mm) + M^min) = M^min) + M^min) = ™- 

Using ()2.1ip, we get n + (B± in ) = n_(B± in ) and, therefore, n+(T± n ) = n_(T^J. □ 
Assume now that the operator T min is densely defined in H. Put, for convenience' sake, 

max \ min/ ' max V mill/ ' 

Clearly, 

T max = ± 5 L and dom(:Z^) = dom(£? max ) =: £>± ax . (2.13) 
Proposition 2.3. Lei T be a J- self- adjoint operator. Assume that T mm is densely defined in H and 

n +( T min) = M T min) = : N+ < °°> ra +( T min) = ( T min) = : N ~ < °°' 

Then: 

(i) ™+CCiJ = "-fflJ = n + (T-J = n_(T min ) ; ttat ia, iV+ = N~ =: N ; 

(ii) £/ie mappings := P± f T>jT> m m are well-defined and are linear isomorphisms from the quotient 

space V/V min onto the quotient space P^ ay /P^ in . 

Proof. Note that 

£>;=£>+ ©p- (2.14) 

max max w max V / 

is a domain of both the operators T max := T min and -B max := B* nin . Since 



I? = dom(P) C dom(P max ) and P±V min = 
we see that : V/V min — »■ ^max/^min are well-defined linear mappings. 



mm ' 
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Let us show that 

the mappings < $± are injective. (2-15) 

Indeed, if ker*p + ^ {0}, then there exists h G T> such that h G" £> m m and P + h G T>^ in . Recall that 
£>+ in C V, so P_ft = ft - P+h G V n F_ = £> min . By the first equality in (|23|1 . £> min = £>+ in © £> min 
and this implies that h = P + h + P_h belongs to T> m[n , a contradiction. 
Since 2iV± = dim(P± ax /£>± J, it follows from (j£T3D that 

2iV + > m, 2iV~ > m, where m := dim(£>/£> min ) (2.16) 

(this definition of m coincides this that of (12.111) ). Indeed, B is a self-adjoint extension of -B m i n , 
therefore, 

dim (V/V min ) = n+{B+ in ) + n+(B min ) = n_(5+ J + n^(B min ). 

We see that m = N + + iV _ . From this and (12.161) . we get N + = N~ = m/2. Thus, statement (i) 
holds true. Besides, taking (12.151) and N^ 1 < oo into account, one obtains that are surjective. 
This complete the proof of (ii). □ 

Recall that existence of a boundary triplet for S*, where S is a symmetric operator in a separable 
Hilbert space H, is equivalent to n + (S) = n^(S) (see [4"9| I2T]). 

Theorem 2.4 (cf. Theorem 6.4 of [20]). Let T be a J- self- adjoint operator. Assume that T m j n is 
densely defined in H and n + (T m i n ) = n_(T m i n ) =: m < oo. Then: 

(i) m is an even number and 

n +( T min) = M T min) = ™+( T min) = n -( T min) = m / 2 - 

(ii) Let {C m//2 , Tq, Tf } be a boundary triple for T+ ax . T/ien i/iere exist a boundary triple 

{C m/2 , r ", rr} for T" ax sucft that 

V = {heV^: T+P+h = T^P^h, TtP + h = T^P_h} (2.17) 

(note that P±h G £>± ax due to (jgjjj) / 

Theorem 12.41 shows that the operator T admits the representation 

T = T^ ax © T~ ax f V, and its domain £> has the representation (12.171) . (2-18) 

Proof, (i) follows from Proposition 12.31 (i). 

(ii) Let {C' m / 2 , Tq , } be a boundary triple for the operator (actually, statement (i) implies 
that such a boundary triple exists, for the case when the space H is separable see e.g. [49J). It 
follows from Definition IA.ll that r^P^ in = r^" Z>^ in = {0}. So one can consider the mappings 
F + : h + — > {Tq h + , Tfh+} as a linear isomorphism from T>^ Lgx /V^ in onto <C m l 2 © <C m l 2 . Introducing 
the mappings 

ry := r+<p + qr\ j = o,i, (2.19) 

one can get from Proposition 12.31 (ii) the fact that : — > {Tq ft_, Y\hJ\ is a linear isomorphism 
from V m& jV min onto C m/2 © C m/2 . Putting T = = for all G £> min , we get natural 

linear extensions of Tg , T^f, and Y~ on £>~ ax . 
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Let f) G XVax/Amn and f)± = P±f), where P± are mappings from V max /V m - m to V^JV^ induced 
by P ± . By Proposition E3] (ii), f) G £>/£> mill if and only if h+ = sp+qr 1 *)-. From this and (I2TTO . one 
can obtain easily that 

p = = + /i ± GD max , r+/ l+ = rj/i_, j = 0,1 }. (2.20) 

Let us show that {C m//2 , Tq , T^} is a boundary triple for T^ ax . The property (ii) of Definition lA.il 
follows from the same property for the boundary triple {C m//2 , Tq, Tf} and from Proposition 12.31 (ii). 

Now we have to prove property (i) of Definition IA.1I Since B = B*, for all /, g G T> = dom(P) 
we have 

= (Bf,g) H -(f,Bg) H = 
( B max (P + f + P_f) , P + g + P_g ) H -{P+f + P-f , B max (P + g + P_g) ) H = 
(B^P+f, P +9 )h+ (B^P-f, P.g) H - (P+f, B^P + g) H - (P_f, B max P_g) H (2.21) 

Since P±f,P±g G £> max and {C m/2 ,r+,r+} is a boundary triple for T+ ax = P+ ax , Definition [O 
yields 

(-^max-P+/ ; P+g) H — (P+f, B^ ax P + g) H = 

= (r+ P+f, T+g) cm/2 - (T+P+f, TtP + g) cm/2 . (2.22) 

From (l2T2"Uj) and f,g£D, we get 

FiP+f) p+5') C m/2 - (r Q p+f, r 1 p+g) C m/2 = 

= (rrP-/,r -p_^) CW2 - (r p_/,rrP-£W. (2.23) 

It follows from fl2T2T|) . (T2T22D . and (T2~23D that 

= (rrP-/,r -p_ 5 ) cW2 - (r p_f,T7p_g) cm/2+ 

+ {B max P-f,P- 9 ) H - {P-f,B max P„g) H . 

or, equivalently, 

(T max P_/,P^) H - (P_/,T- ax P^) H = 

= (T^P-f, T Q P_g) Cm/2 - fa P-f, T^P_g) Cm/2 (2.24) 

for all f,g G T>. It follows easily from Proposition 12.31 (ii) that the mapping P_ : T> — » £> max is 
surjective. Therefore (12.241) implies that property (ii) of Definition IA. ll is fulfilled for {C m//2 , Tq , T^} 
and so this triple is a boundary triple for T~ ax . Finally, note that (12.201) coincides with (I2.17p . □ 

Proof of Theorem \2.1[ By Theorem 12.41 (i), n±(T^ in ) = 1 and there exist boundary triplets Il ± = 
{C, Tq ,rf} for T^ ax such that (12.171) holds. Let M± be the Weyl functions of T min corresponding 
to the boundary triplets Il ± . Since T^ in are densely defined operators, M± have the form (12.41) with 
certain constants C± G M.± and positive measures dH±(t) satisfying (12. ip . This fact follows from 
Corollary 2 in [2T], Section 1.2] as well as from the remark after [2"2"| Theorem 1.1] and [22, Remark 
5.1] (note that, in the case of deficiency indices (1,1), condition (3) of Corollary 2 in [211 Section 
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1.2] is equivalent to the second condition in (12.11) ). By Corollary 1 in [211 Section 1.2] (see also J2U 
Corollary 7.1]), the simplicity of both the operators T^ in and Ts ± implies that 

U±T^JJ^ = T^ (2.25) 

where T^ ± are the operators defined in Subsection 12.11 an d U± are certain unitary operators from 
H± onto L 2 (R, dH±(t)). Moreover, the unitary operators U± can be chosen such that 

r± = r^c/i, rf = rf ±,c± f4. (2.26) 

The last statement follows from the description of all possible boundary triples in terms of chosen 
one (see e.g. [H] and [221 Proposition 1.7]). Indeed, since the deficiency indices of T^ in are (1,1), [221 
formulae (1.12) and (1.13)] imply that 1^ = e ia± T^U* and Tf = e ia± rf ±,C± [/± with a £ [0,2tt). 
Now changing U± to e ta± U± we save ( I2.25P and get (I2.26p . 

Formulae (12.181) and (I2.17P complete the proof. □ 

Remark 2.5. (1) Self-adjoint couplings of symmetric operators were studied in [20j [26] (see also 
references therein). Theorem 12.41 (ii) can be considered as a modification of [201 Theorem 6.4] for 
J-self-adjoint operators. 

(2) Note that in Proposition 12.21 we do not assume that the domain P m i n of T m i n is dense in 
H. However, for convenience' sake, the operator T min is assumed to be densely defined in the other 
statements of this subsection. The assumption dom(T min ) = H can be removed from Proposition 12.31 
and Theorem 12.41 with the use of the linear relation notion in the way similar to [2"0l Section 6]. 

(3) Theorems 12.41 (ii) and 12.11 show that the operator T admits an infinite family of functional 
models, which corresponds to the infinite family of boundary triples. All the functional models can 
be derived from a chosen one due to [221 Proposition 1.7]. 

2.3 The Sturm-Liouville case 

Consider the differential expressions 

l[y] = y (-{py'Y + qy) and a[y] = i (-(py')' + QV) > ( 2 -27) 

assuming that 1/p, q, r £ Lj oc (a, b) are real- valued coefficients, that > and xr(x) > for almost 
all x £ (a, b), and that —00 < a < < b < +00. So the weight function r has the only turning point 
at and the differential expressions a and t are regular at all points of the interval (a, b) (but may 
be singular at the endpoints a and b). The differential expressions are understood in the sense of 
M.G. Krein's quasi-derivatives (see e.g. [T6]). 

If the endpoint a (the endpoint b) is regular or is in the limit circle case for [[•], we equip the 
expressions [[•] and o[-] with a separated self-adjoint boundary condition (see e.g. [6S| or [54] ) at a 
(resp., b), and get in this way the self-adjoint operator L and the J-self-adjoint operator A in the 
Hilbert space L 2 {R, \r(x)\dx). Indeed, A = JL with J defined by 

(Jf){x) = (sgnx)/(x), (2.28) 

Obviously, J* = J" 1 = J in L 2 ( (a, b), \r(x)\dx). So J is a signature operator and A is a J-self-adjoint 
operator. 
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In the case when [[•] is in the limit point case at a and/or b, we do not need boundary conditions 
at a and/or b. 

It is not difficult to see that the operator A m m '■= A D A* is a closed densely defined symmetric 
operator with the deficiency indices (2,2) and that A min admits an orthogonal decomposition A min = 
A^in©Amn> where A+ in ( A~ in ) is a part of A min in L 2 ((0,6), \r(x)\dx) (resp., L 2 ((a,0), |r(x)|<ix)), see 
e.g. [46, Section 2.1], and (12.311) below for a particular case (note that A m \ n is not a minimal operator 
associated with o[-] in the usual sense). The operators A^ in are simple. This fact considered known 
by specialists, it was proved in [50], formally, under some additional conditions on the coefficients. 
A modification of the same proof is briefly indicated in Remark 12.71 below. So A min is a simple 
symmetric operator. 

Applying Theorem 12 .11 one obtains a functional model for A. However, we will show that a model 
for A can be obtained directly from the classical spectral theory of Sturm-Liouville operators and 
that £± are spectral measures associated with Titchmarsh-Weyl m-coefficients of A. 

To avoid superfluous notation and consideration of several different cases, we argue for the case 
when 

(a,b)=R, p = 1, r(x) = sgnx, (2.29) 
and the differential expression [[•] is limit-point at + oo and — oo. (2.30) 

That is we assume that the operator 

+ q(x) ( A = (sgax) ( + q{x) 



dx 2 V V dx 2 

is defined on the maximal domain and is self-adjoint (resp., J-self-adjoint). Under these assumptions, 

dom(L) = dom(A) = {y E L 2 (R) : y,y' G AC loc (R), y" + qy G L 2 (R)}. 

The operator A m[n = A fl A* has the form 

A min = A \ dom(v4 min ), 
dom(A min ) = {y E dom(A) : y(0) = y'(0) = 0}. (2.31) 

By A^ lin we define the restrictions of A min on dom(A min ) fl L 2 (]R_|-). 

Let us define the Titchmarsh-Weyl m-coefficients Mn+(A) and Mn_(A) for the Neumann problem 
associated with the differential expression a[-] on R + and R_, respectively. Facts mentioned below 
can be found, e.g., in [56], [63] , where they are given for spectral problems on R + , but the modification 
for IR_ is straightforward. Let s(x, A), c(x, A) be the solutions of the equation 

-y"{x) + q(x)y(x) = Xy(x) 

subject to boundary conditions 

s (0, A) = — c(0, A) = 0, — s(0, A) = c(0, A) = 1. 
dx dx 

Then Mn±(A) are well-defined by the inclusions 

^±(-,A) = - S (-,±A)+M N± (A)c(-,±A) G L 2 (R ± ), (2.32) 
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for all A G C \ R. 

The functions Mn±(A) are (R)-functions (belong to the class (R)) ; i.e., Mn±(A) are holomorphic 
in C \ R, M N± (A) = M N± (A) and Im A ImM N± (A) > 0, A G C \ R (see e.g. [37J). 
Moreover, Mn±(A) admit the following representation 

M N± (A) = / (2.33) 
Jr t — a 

where £n± are nondecreasing scalar function such that conditions (12. lj) are fulfilled and 

/(l + |t|) -1 rfS N± (t) < oo; 
the functions Mn±{\) have the asymptotic formula 

Mn±(\) = ±— 7== + ( -r J j (A -> oo, < <5 < argA < tt - 5) . (2.34) 



/±A V A 

Here and below \fz is the branch of the multifunction on the complex plane C with the cut along 
R + , singled out by the condition a/— T = i- We assume that V\ > for A G [0, +oo). 

Let Aq be the self-adjoint operators associated with the Neumann problem y'(±0) = for the 
differential expression o[-] on M.±. The measures g?En±(£) are called the spectral measures of the 
operators Aq since 

<5e n± = f±Aq t^} 

where Qs N± are the operators of multiplication by t in the space L 2 (R, d£ N± (£)) and JF ± are the 
(generalized) Fourier transformations defined by 

(F±f)(t)--= 1-i.m. ± / f(x)c(x, ±t)dz. (2.35) 

Here l.i.m. denotes the strong limit in L 2 (R, cEn±). Recall that .F± are unitary operators from 
L 2 (R±) onto L 2 (R,d£ N± ). 

Note that supp<iEN± = ct(Qe n± ) = o~(A^), that (12.331) gives a holomorphic continuation of 
Mn±(A) to C \ suppc?SN±, and that, in this domain, Mn±(A) = M-£ N±) c N± (X), where 

^Ni := / r-^ rfS N± (2.36) 



and Ms N±i c* N _|_(A) are defined by (E 



Theorem 2.6. Assume that conditions (12.291) and (I2.30P are fulfilled and the J -self- adjoint operator 
A = (sgnx)(—d 2 /dx 2 + q(x)) is defined as above. Then A is unitarily equivalent to the operator 
A = A{S N+ , C N+ , S N _, C N _}. More precisely, 

{F + © J !r _)A(^ 1 © FZ 1 ) = A . (2.37) 
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Proof. The proof is based on two following representations of the resolvent 7^4± (see [561 El]): 

(K A ±(\)f ± )(x) = Tfl>±faX) / c(s,±X)f(s)dsTc(x,±X) / j> ± (s, \)f(s)ds, (2.38) 

JO J±x 
(^A±( A )/±)W = J ' X G M± - ^ 2 ' 39 ) 

It is not difficult to see (e.g. [HH Section 2.1]) that 

dom(A) := {y G dom ((A+ n )*) © ((A min )*) : y(+0) = y(-0),y'(+0) = y'(-0)} . (2.40) 

Put A^ in := T±A^ m T± L and recall that := T±A^ J 7 ^ 1 is the operator of multiplication by t 
in the space L 2 (M, <i£ N± (t)), i.e., Aq = <5s N± - 

Let functions / G L 2 (K) and /± G L 2 (M±) be such that f = f+ + /_. Denote #*(£) := (.F±/±)(t). 
From (I2.39P we get 

(K At (A)/ ± )(±0) = / B ^^iW. (2.41) 
Since 72.^± (A)f? =fc (t) = g ± (t)(t — A) -1 , we see that 

y±(0) = / {F±y±)(t)dE N ±(t) for all y ± G dom(A±), (2.42) 

JR 

and A^ ln = Q s± fdom(A± in ) , 
dom(l± J = {y ± G dom(Q SN± ) : / 2/±(t)tZE N ±(t) = 0}. 

That is, l± n = T Sn± . 

It follows from fl2T38|) that (ll A ±(\)f ± } (±0) = ± J ±o ° ip ± (x, \)f±(x)dx for A ^ R. From this 
and ([MID, we S et 

(^±(-,A))(t) = j^j GL 2 (M,d£ N± ). (2.43) 
Let y±(x) G dom((74^ in )*). Then, by the von Neumann formula, 

y± (t) = y ± (t) + Cl if> ± (t,i) + c 2 ^± (t, -i) , (2.44) 

where yo±(t) G dom(74^ in ) and ci,C2 G C are certain constants. Therefore f 1 2 . 3 2 j) yields 
y±(0) = CxM N± (i) + c 2 M N± (-i) = ci / dE N± (t) + c 2 / -L dE N± (t). 



This, (jglSD , and (12^21) implies that f[2~42j) holds for all y ± {x) G dom((A^ in )*). Taking fl2T36|) and 
(12.31) into account, we get 

y±(0) = / GF±y±)(f) d£±(f) = rf N± ' CN± J- ±2/± . (2.45) 
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Further, by (12.441) . y'±(0) = —C\ — c 2 . On the other hand, it follows from A^ in = Ts N± and (I2.3P that 
rJ N± ^l/o± = and rJ N± (i - A)" 1 = I. Hence, 

r SN± ^ ± = Cl r SN± -l- + c 2 r SN± -L = Cl + c 2 = -^(o). (2.46) 

Combining (12T40D . fl2T45|) . and fl2T46|) . we get (T2~3Tj) . □ 

Remark 2.7. Since the operators 7s N± are simple (see [571 Proposition 7.9]), in passing it is proved 
that so are the operators A^ in and A min . This proof of simplicity works in general case of Sturm- 
Liouville operator with one turning point described in the beginning of this section. Formally, it 
removes extra smoothness assumptions on the coefficient p imposed in [30J. But actually it is just 
another version of the proof of [301 Theorem 3] since the essence of both the proofs is based on Kreins 
criterion for simplicity [531, Section 1.3]. 

3 Point and essential spectra of the model operator A and 
of indefinite Sturm-Liouville operators 

3.1 Point spectrum of the model operator 

The main result of this section and of the paper is a description of the point spectrum and algebraic 
multiplicities of eigenvalues of A{T, + , C + , £_, C_}. 

First, to classify eigenvalues of the operator T£ defined in Subsection 12.11 we introduce the 
following mutually disjoint sets: 

Sto(S) = | A G <r c (Q E ) : Jjt - \\- 2 cE(t) =oo|, (3.1) 



2l r (S) = <X £ <r p (Q E ) : \t - X\~ 2 dE(t) < oo 
I ' Jm. 

2l p (£) = cx p (Q s ). 

Observe that C = 2t (S) U 2t r (S) U 2l p (£) and 

2t (S) = {A G C : ker(2£ - XI) = {0} } , 
2l r (E) = {A G C : ker(T* - XI) = {c(t - X)'\ c G C}} , (3.2) 
Stp(E) = {A G C : ker(T* - XI) = {c X{ x}(t), c G C}} . (3.3) 

In this section we denote for brevity := Tq*, Tf := T^ ±,c± , where T ± , r^ ±,c± are linear 
mappings from dom(T£ ± ) to C defined by ( 12. 3ft . 

In this paper, for fixed A G R, the notation means the function that is equal to 

at t — A and jjz\y for t 7^ A. If A £ R, then x ^ x ^p means just uz\j] ■ I* 1 what follows the 

functions ?f^r and jump discontinuities of X play an essential role. Note that the set of jump 

discontinuities of S coincides with 2l p (S) = <j p {Qy). If A G R\2lp(£), then ^zw- and Tfrw belong 
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to the same class of L 2 (IR, oE) and any of these two notations can be used. We also use notation 
dE({A}) :=£(A + 0)-£(A-0). 

For the sake of simplicity, we start from the case when 



1 + |t|) -i dE± < oo and C± = / t(l + r)" A dE±, (3.4) 

Jr 

(which arises, in particular, in Section 12. 3j) and then consider the general case. 

Theorem 3.1. Let E± be nondecreasing scalar functions satisfying (12.11) and let C± be real constants. 
Assume also that conditions H3.4[) are fulfilled. Then the following statements describe the point 
spectrum of the operator A = A{T, + , C + , C_}. 

1) If X E 2l (S+) U2t (E_) ; tfien A <£o p {A). 

2) If X E 2t p (E+) n2t p (E_) ; tfien 

(i) A zs an eigenvalue of A; the geometric multiplicity of X equals 1; 

(ii) the eigenvalue X is simple (i.e., the algebraic and geometric multiplicities are equal to 1) 
if an only if at least one of the following conditions is not fulfilled: 

d£_({A}) = d£ + ({A}), (3.5) 
1 



Jr\{\} ~ 



\t-X\ 
1 



R\{\} 



t-x 



d£_(t) < oo; (3.7) 



(iii) if conditions (13.51) . (13.61) and (13. 7\i hold true, then the algebraic multiplicity of X equals 
the greatest number k (k E {2, 3, 4, . . . } U {+00} ) such that the conditions 



/ 

JR 



1 f 1 

d£_(t) < 00, / 1 — dE+(t) < 00, (3.1 



r\{\} \t — M 2j Jr\{\} \t — A| 2j ' 

Jr\{\} [t - A r Jr\{\} [t - *r 

are fulfilled for all natural j such that 2 < j < k — 1 (in particular, k = 2 if at least one 
of conditions (I3.8p . (13.91) is not fulfilled for j = 2). 

3) Assume that X E 2l r (E + ) D 2l r (E_). Tnen A G cr p (^4) and on/y 

-d£+(t) = I — !— d£_(t) . (3.10) 



£ — A J R t — X 

If ( 13. lOf) no/ds true, inen tae geometric multiplicity of X is 1, and the algebraic multiplicity is 
the greatest number k (k E {1, 2, 3, . . . } U {+00} ) such that the conditions 

1 f 1 

d£_(t) < 00, / | d£+(t) < 00, (3.11) 



\t~X\ 2 i _w ' i R |t-A| 2 J 

1 dE_(t) = / d£ + (t) (3.12) 



(*-A)i y R (t-A) 

are fulfilled for all j E N such that 1 < j < k. 
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4. If X E 2t p (S + ) H2l r (£_) or X G 2l p (£_) n 2l r (£+) ; £/ien A &<r p (A). 

Proof. A vector y = ( v ~j e L 2 (R,cffi+) ©L 2 (R,d£_) is a solution of the equation Ay = Xy if 
and only if 

y G ker(T* + - XI) © ker(T*_ - A/) and y G dom(l). 
Recall that h = y ^~ J G dom(T^ + ) © dom(T£_) belongs to dom(A) if and only if 

r h- = r+/i+ , ry h- = rfh+ . (3.13) 

It follows from (I2.3P that 

Tfh ± = C ± T±h ± + j (h ± {t) - t ^j] dS±(t), ^± e dom(T* ± ). (3.14) 
(E3D and (E3D yield h ± (t) G L 1 (R, dE±) for arbitrary h±(t) G dom(T^ ± ), and using (13441 . we obtain 

rfj/± = / y±(t)dx±(t) . (3.15) 

If A G 2l r , then ^ G L 2 (R,d£±) and (E3D (or even simpler ((231)) yields that ^ G dom(T£ ± ) 
and 

r±^ = i . (3.16) 

The function X{\}{^)i A G R, is a nonzero vector in L 2 (R, <iS ± ) exactly when A G 2l p ; in this case, 

ltx{A } = 0, r± X {A } = / d£±(t) = rfS ± ({A}) . (3.17) 

./{A} 

1) Suppose Ay = Ay and consider the case ker(T£ — A) = {0} (the case ker(T^ + — A) = {0} 
is analogous). Then y_ = and, by (13.131) . we get T^y + = 0, Tfy + = 0. Hence y + G dom(Q£+) 
(see (12.31) ). and Qy, + V+ = Xy + . This implies y+(t) = CiX{\}(t), c\ G C. On the other hand, 
= T^y + (t) = J R y + (t)dT, + (t). Thus c\ = and y + = a.e. with respect to the measure oE+. 

2) Let A G 2lp(£ + ) n 2lp(E_). By we have 



V c i X{A}(*J 



c± G C. 



Since A G 2t p (S ± ), we see that A G R and d£±({A}) 7^ 0. Taking into account (I3.17p . we see that 
system ( I3.13P is equivalent to cj~<i£_({A}) = c7/d£ + ({A}). Therefore the geometric multiplicity of A 
equals 1 and 

Vo — I dS -^{ x })^^ x ^ 1 i s one Q f corresponding eigenvectors of A. (3.18) 
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Vi 



Let y x = [ V \ ) and Ay 1 - Ayi = y . By ((221), we nave 



Thus, 

Choosing t = A, we obtain 
Therefore, 



ty+(t) ; V r+y+ ; I y+(t) 



(t - \)yf(t) = -—-— X{x} (t) + r±y± . 



r ^-"^({A}) ^ (3 ' 19) 



Vi ~ 2 X{x}{ ) ' ( } 



where G C. The conditions G L 2 (IR, and y^ G L 2 (IR, dE_) are equivalent to (13.61) and 
(13.71) . respectively. 

Assume that (13. 6p and (13.71) are fulfilled. By (13.151) . we have 

r ^ = ~ lv iTTn / 7~~T + ^£ ± ({A}). 

aS ± ({A|) J M \ {A} *- A 

The latter and (13.191) implies that yi G dom(A) if and only if the conditions (13.51) and 

1 ; 1 dE+(t) + c+dE+({A}) (3.21) 



Jr\{\} t - A 

are fulfilled. Thus, the quotient space ker(v4 — A) 2 /ker(v4 — A) ^ {0} if and only if the conditions 
(13.51) . (13.61) . and ( 13. 7ft are satisfied. In this case, generalized eigenvectors of first order y\ have the 
form (I3.20p with constants cf such that (13.211) holds. 

Assume that all condition mentioned above are satisfied. Then dimker(A — A) 2 /ker(A — A) = 1 
and one of generalized eigenvectors of first order is given by the constants 



l l 



where a\ 

If 2/2 = ( V + ) and Ay 2 - \y 2 = yi, then 



dS_({A}) dS + ({A}) ' 
I 

(t - X)yt(t) = yf(t) + T± y f = -tt! *^® + cf X{ x}(t) + Ttyf . (3.22) 
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For t = A we have 

rtvt = -4- (3.23) 

Consequently, 

V2 - ~ Q i Tj. _ ^ 2 ~ c 2 j—\ hc 3X{A}W, c 3 G <L. (3.24) 

By ( 13.231) . conditions (I3.13P for y 2 has the form 

c- = c+ , (3.25) 

/ 77~~v^ ~ c 2 / r^T + c s"r 1 = 

</R\{A} — A J </R\{A} I — A 

= -oci 77 \v 2 -c+ / — — d£ + (t) + 

</R\{A} l r — A J JR\{A} 1 — A 

Thus ?/2 exists if and only if ^ R \^ A ^ ^ e L 2 (IR, gE±) and (13.251) is fulfilled. This is equivalent (I3.8P 

[t — A) 2 

and ([31]) for j = 2. 

Continuing this line of reasoning, we obtain part 2) of the theorem. 

3) The idea of the proof for part 3) is similar to that of part 2), but calculations are simpler. 
Let A G 2l r (£+) n 2l r (S + ). Then y(t) = [ J . Hence f l3"TT3"j) has the form 

JR 1 — A JR 1 — * 

Consequently A is an eigenvalue of A if and only if (13. 1Q|) holds true; in this case the geometric 
multiplicity is 1 and yo = ( l \ x j is a corresponding eigenvector of A. 

Let Ayx — Xyx = yo where y 1 = f j . Then 

(t - X)yf(t) = j±j + cf, 4 = rfyt 

Therefore yf = uzxp + JZ\- The case yf G L 2 (R, dE±) is characterized by (13. lip with j = 2. 
Conditions (13.131) become 

1 . c+ 



(t-\) 2 t-x j w y R V(^-^) 2 *- a 



Cry Cn 
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Taking into account f 1 3 . 1 [) . we see that the generalized eigenvector y\ exists if and only if conditions 
( 13. lip . ( I3.12j) are satisfied for j = 2. Continuing this line of reasoning, we obtain part 3) of the 
theorem. 

4) Suppose A G 2l p (S + ) n 2l r (£_) (the case A G 2l p (S_) D 2l r (S + ) is similar). Then y(t) = 
- i \ 

and (13.131) has the form 



c i t-x 



4X{x}(t) 



c r = 0, q / ^-rtE-(t) = c+rfS + ({A}) . 
Thus c± = cf = and A G" a p (A). 



□ 



Now we consider the general case when the functions £± satisfy ( 12. ip and C± are arbitrary real 
constants. 

Lemma 3.2. Lei fcGN and Zet one o/ t/ie following two assumptions be fulfilled: 

(a) AeC\K or 

(b) A G R, d£ + ({A}) = d£_(W), G L 2 (R,d£ + ) ; 



Tnen ^p^w- G dom(T2 + ), y|r G dom(T£_), and i/ie following two statements are equivalent: 

(■\ p- XR\{A}(0 _ r + X«\{A}(*) 

W 1 1 (t-A) fc ~~ 1 1 (t-X) k ' 

(ii) lim$( fe_1 )(A + ie) = 0, where the function $ is defined by 

em 

$ := M s+jC < + - M Tl _ :C _ and <3> (j) is its j-th derivative f$ (0) = <f>). 
J/ ; additionally, A G" 0" CS s(Qe + ) U cr css ((5s_), i/ien statements (i) and (ii) are equivalent to 

(iii) ine function $ zs analytic in a certain neighborhood of A and 

$( fe-1 )(A) = 0. (If My; +: c+ ~ Mz_ : c- ^ defined in a punctured neighborhood of X and has a 
removable singularity at X, then we assume that $ is analytically extended over X.) 

Proof. We assume here and below that j G N. 

First note that if A ^ o- ess (Qz ± ), then G L 2 (R, d£±) for any j G N, and using the definition 

of dom(T^ ± ), we see that G domfTj^) for any j. 

Generally, the last statement is not true for A G o~ e ss(Q?:±)- But under assumptions of the lemma, 
we have 

1 -dE±(t) < oo (3.26) 



\t - A| 2 i 

for j = k. Taking into account the first assumption in (12.11) . we see that ( 13.261) is valid for all 
j < k. The latter implies that x ™f G dom(T£ ± ) for all j < k. Moreover, X glgf G dom(Q s± ) if 
2 < j < k (assuming k > 2). Therefore, 

(t - X)3 ' ~ J ~ 
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The last statement does not hold in the case j = 1. Using (|2.5p . one has 



t — A 



Eqs. (12.31) (see also (j3.14|) ) allow us to conclude that 



if = C ± + J R fegfW - ^) d£ ± (t), (3.28) 



Tf = J R ^Pf 1 dZ ± (t) if 2 < j < k . (3.29) 

If A ^ ^(Qsi) (in particular, if A E), then (12. 4p shows that 

± XR\{x}(t) _ ± 1 _ / • _ 1V M U-i) (X) 

This prove the equivalence of (i), (ii), and (iii) for the case when A G" cr(Qs + ) Ua((5s_) (this simplest 
case explains the crux of the lemma). 

Consider the case A G o"(Qs + ) U 0"(Qe_) and A G" cr e ss(Qs + ) U o" eS s(Qx:_)- The assumptions of the 
lemma state that d£ + ({A}) = d£_({A}). So A is an isolated eigenvalue of both the operators Qs+ 
and Qy,_ and is an isolated jump discontinuity of E + and This and d£+({A}) = d£_({A}) imply 
that $ has a removable singularity at A and can be considered as an analytic function in a certain 
neighborhood of A. Moreover, 

Xr\{a} Xr\{\} 



(k - 1)! ^-^(A) = r+ , u . ( . - 17 



(£-A) fc l (t-A) fe ' 

and (i) (ii) <^ (iii) is shown again. 

Now let assumption (b) be satisfied and let A G o" ess (Qs + ) U cr ess ((5s_)- Then the function $ is 
not analytic in A, but the limit in statement (ii) exists and 

(Jfe-l)l Km *(«>(A + fe) = rf - rr^# • (3-30) 

Indeed, taking dE + ({A}) = d£_({A}) into account, we get <3>(z) = C + — C_ + X 00 (,2) +Z A (z), where 

^oo (z) := / - ^) (dE+(t) - <ffi_(*)) , 

R\[A-5,A+<5] 

*a(*) := / - j^) (dE + (t) - <ffi_(f)) , 

[A-5,A)U(A,A+<5] 

and 5 is any fixed positive number. The function T^z) is analytic at A. Formula (13.261) is valid for j < 
k and allows us to apply Lebesgue's dominated convergence theorem to the limit lim Xr ^ (A + ie). 

e— >0 

eGM 

As a result, we see that fl3~28|) implies (13301) for k = 1 and fl3T29|) implies (13301) for fc > 2. □ 

Theorem 3.3. Let A = A{£ + , C+, E_, C_}, where the functions dE± satisfy \2. II) and C± are 
certain real constants. Then the following statements hold: 
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1) If X E 2l (X+) U2t (S_) ; then X &<r p (A). 

2) If X E 8p(E + ) n2lp(E_), &en 

(i) A zs an eigenvalue of A; the geometric multiplicity of X equals 1; 

(ii) the eigenvalue X is simple if an only if at least one of conditions A3. 5\) . A3. 6\) . ( 3.1 ) is not 
fulfilled; 

(iii) if conditions (13.51) . (13.61) and (13. 7p hold true, then the algebraic multiplicity of X equals 
the greatest number k (k E {2, 3, 4, . . . } U {+00} ) such that conditions A3. 8\) and 

lim <&^~ 2 \X + is) = (the function $ is defined in Lemma \3.2fy , (3.31) 

are fulfilled for all j E N such that 2 < j < k — 1 (m particular, k = 2 if at least one of 
conditions (13.81) . (13.311) is not fulfilled for j = 2). 

3) Assume that X E 2l r (S + ) fl 2l r (X_). T/ien A E o~ p (A) if and only if 

lim$(A + ie) = 0. (3.32) 



If (I3.32p holds true, then the geometric multiplicity of X is 1, and the algebraic multiplicity is 
the greatest number k (1 < k < 00) such that the conditions A3.ll]) and 

li m $(i- 1 )(A + ie) = (3.33) 

are fulfilled for all j E N such that 1 < j < k. 
4. If X E 2t p (S + ) n Hr(£_) or X E 2t p (S_) n 2t r (S + ) ; then X E~ a p (A). 



Proof. The proof is similar to that of Theorem 13. 1[ but some technical complications appear. Namely, 
(I3.15P is not valid whenever any of conditions in (13 .4p is not satisfied. 

We have to use (13.141) . which is valid in the general case. Note that (I3.17P holds true. In the case 
A E 2l r (E±), dSHD holds also. When A E cr p (g s± ), Eq. flBTTBD should be changed to (I3T2TD . 

The proof of statements 1) and 4) remains the same. 

2) Let A E 2l p (E + ) fl 2l p (£_). As before, we see that A is an eigenvalue of A with geometric 
multiplicity 1 and one of corresponding eigenvectors has the form (I3.18p . 

Let Vi = \ ^\ ) and Ay 1 — Xyi = y . In the same way, we get (I3.19p . (13.201) as well as the 



Vi 

fact that the conditions y± E L 2 (IR, dT, + ) and y± E L 2 (R, c?S_) are equivalent to (13.61) and (13.71) . 
respectively. If (13.61) and (13. 7p are fulfilled, we obtain 

The latter and (13.191) implies that y\ E dom(y4) if and only if conditions (13.51) and 

-^rr^ + c 2 " dS_({A}) = -^r+*^ + 4 ^ + ({A}) (3.34) 
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are fulfilled. Thus, generalized eigenvectors of first order exist if and only if conditions (I3.5p . (13.61) . 
and (13. 7p are satisfied. In this case, y± has the form (I3.20p with constants c 2 such that (13.341) holds. 
In particular, the constants 



„±_ „2-r T XR\{\}(t) 



U J S (3.35) 
t — A 



give a generalized eigenvector (as before, a>\ 



dS_({A}) dX+({\})- 



Let 2/2 = ( V y 2 + J and Ay 2 - Xy 2 = y x . Then (13T22D . fl3T23|) . and flBTMj) have to be fulfilled with 

cf given by (I3.35p . So j/^ belong to L 2 (R, <i£±) if and only if (I3.8P is satisfied for j = 2. Conditions 
(I3.13P are equivalent to c 2 = c 2 and 

n _ XK\{A} _-p_XR\{A} _ _! 

- air '(r^- C2r ' — +C3tti = 

Thus y 2 exists if and only if, for j = 2, conditions (13. 8p and 

p _ X«\{A} _ p+ XR\{A} , , 

1 1 l t _ A)J=i - 1 1 (t _ A) i-i ^.36) 

are fulfilled. By Lemma 13.21 ( I3.36P is equivalent to (13.311) with j = 2. Continuing this line of 
reasoning, we obtain parts 2) and 3) of the theorem. □ 

Remark 3.4. (1) In the last theorem, the conditions that determine the algebraic multiplicities are 
given in the terms of the function $ = Ms +j c* + — M^_^c_, so in the terms of abstract Weyl functions 
Ms ±i c±- Using Lemma [3.21 and (I3.28p . (I3.29p . Theorem 13.31 can be easily rewritten in terms of the 

spectral measures £±, but this makes the answer longer due to the different forms of T^ 1 f° r 
the cases j = 1 and j > 2, see (13.281) and (13.291) . In the case when assumptions (13 .4p are fulfilled, 
(I3.28P can be written in the form of (13.291) and we get Theorem 13.11 

(2) Note that eigenvalues of A that belong to p(Qs + © Qs + ) can be found in the terms of 
Ms ± ,c± using [2T] (and, perhaps, [IB]), see the next section. Algebraic multiplicities of eigenvalues 
in p(Qs+ ffi<5s+) can be found using Krein's resolvent formula (see [2TJ, [22] for a convenient abstract 
form), root subspaces for eigenvalues in p(Qe + © Qe+) were found in [19]. Theorem 13.31 has some 
common points with [12], where the abstract Weyl function was used to find eigenvalues of a self- 
adjoint operator. But the approach of the present paper goes in the backward direction: we use the 
spectral measures (FL± and the functional model to find eigenvalues and root subspaces and then, 
using Lemma l372| return to the answer in the terms of the abstract Weyl functions given in Theorem 

(3) Various generalizations of (R)-functions and their functional models were considered in [251 
134"] . These results were applied to certain classes of regular Sturm-Liouviile problems in [261 HH1 12Z] • 



3.2 Essential and discrete spectra of the model operator and of indefinite 
Sturm-Liouville operators 

Besides the symmetry condition a(T) = a(T)* the spectrum of a J-self-adjoint operator can be fairly 
arbitrary (see [M])- An example of a differential operator with a "wild" spectrum was given in [U[2]. 
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Example 3.5. Consider the operator A in L 2 [— 1, 1] associated with the differential expression 

(sgnx) ((sgnx)y') 

and boundary conditions y{— 1) = = More precisely, Ay = — y", 

dom(A) = {ye W 2 2 (-l, 0) © Wf (0, 1) : 

y(-0) = y(+0), y'(-0) = -y'(+0) and y(-l) = = y(l)}. 

The operator A is J-self-adjoint with J given by Jf(x) = (sgnx)f(x). It was observed in [HE] that 
every A G C is an eigenvalue of A and, moreover, every A £ 1 is a nonsimple eigenvalue. Theorem 13 .11 
shows that every A G C is an eigenvalue of infinite algebraic multiplicity (the geometric multiplicity 
of A equals 1). Indeed, introducing as in Theorem 12.41 the operator A m[n := A U A*, we see that 

dom(A) = {y G A* min : T^y+ = T y_, T^y + = Tjy_}, 

where y + (y-) is the orthoprojection of y on L 2 [0, 1] (resp., L 2 [— 1,0]), 

T+y + := -y'(+0), To V- ■= y'(-0), and Tfy ± := y(±0). 

On the other hand, {C, rQ,r^} is a boundary triple for A^ B = A m[n \ L 2 [0,1] and {C,rQ,rf} 
is a boundary triple for v4~ in = v4 min \ L 2 [— 1, 0]. It is easy to see that the differential expression 
— -r^ is associated with both the symmetric operators A^ in . These operators and their boundary 
triples are unitarily equivalent. This means that the corresponding Weyl functions M± coincide. 
Now Theorem 13.31 implies that any A G C \ 1 is an eigenvalue of infinite algebraic multiplicity and 
therefore cr(A) = C. (Actually in this case conditions (13.41) hold, so Theorem 13. II can also be applied.) 
Finally, note that the functions M± are meromorphic and therefore Theorem 13.31 (2)- (3) and Lemma 
13.21 (ii)<^(iii) imply that each point A G C is an eigenvalue of infinite algebraic multiplicity. 

Remark 3.6. In [61J, a characterization of the case cr(A) = C was given in terms of coefficients for 
regular operators A = ^y^p(^)^ with Dirichlet boundary conditions. Both coefficients r and p 
were allowed to change sign, modifications of arguments for general regular problems were suggested 
also. 

Arguments of Example 13.51 show that the case cr(A) = C is exceptional in the sense of the next 
proposition. 

Proposition 3.7. The following statements are equivalent: 

(i) M s+iC+ (A) = M S _ >C _(A) for all A G C \ (suppdS + U suppdS_); 

(ii) the measures <i£ + and <iXL coincide, and C + = C_; 

(iii) a{A) = C. 

Moreover, if statements (i)-(iii) hold true, then every point in the set 

C\ (o~ ess (Qj] + ) U o~ ess (QY;_)) is an eigenvalue of A of infinite algebraic multiplicity. 
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If Ms +j o + (-) ^ Ms_ j c_(-), then the nonreal spectrum is the set of zeros of analytic function $ 
defined in Lemma 13 .21 More precisely, Theorem 13.31 shows that 

<r(A)np(Q E+ ©Qs_) = 

= {AGp(Q s+ )n P (Q s _) : M E+ , c+ (A) = M s _, c _(A)}ca p (l) (3.37) 

(this statement also can be obtained from [21], Proposition 2.1]). It is easy to see that (13.371) and 
Theorem 13.31 yield the following description of the discrete and essential spectra (cf. [U p. 106, 
Theorem 1]). 

Proposition 3.8. Assume that Ms +i c + (Ao) ^ Ms_,c_(Ao) for certain X in the set p(Qs + ) np(Qs_) ■ 
Then: 

(i) a css (A) = ct C ss(<5e + ) U o- css (Q e J C R; 
(") 

0"disc(-4) = (cTdisc(Qs+) n CT disc (Q E _)) U 

U {A6p(g E+ )Dp(Q E _) : M s+iC+ (A) = M E _, c _(A)}; 

(iii) £/ie geometric multiplicity equals 1 for all eigenvalues of A; 

(iv) z/Ao G (o"disc(Qs+) H cr disc ((5s_)) ; #ien t/je algebraic multiplicity of A is e<jm/ to t/ie multiplicity 

of Ao as a zero o/ i/ie holomorphic function 
i i . 

M E+ ,c + (A) M E _, C _(A)' 

(v) i/ Ao G p(Qs + ) H p(<5e__); ^en i/ie algebraic multiplicity of Ao is e<pia/ to i/ie multiplicity of Ao 

as zero o/ £/ie holomorphic function Ms +i c* + (A) — Ms_,c_(A). 

Remark 3.9. The operator A is definitizable if and only if the sets suppd£ + and suppd£_ are 
separated by a finite number of points (in the sense of [I7J Definition 3.4]). This criterion was 
obtained for operators A = (sgnx)(—d 2 /dx 2 + q(x)) in [381 [39] ( see a l so [IS Section 2.3]) using the 
result of [36] and the fact that p(A) ^ 0; the detailed proof was published in [171 Theorem 3.6]. The 
same proof is valid for the operator A if we note that p(A) ^ whenever supp gE + and supp dXL are 
separated by a finite number of points. Indeed, in this case supp d£ + ^ supp d£_ since supp oE± 
are unbounded due to the second assumption in (12. ip . 

3.3 Non-emptiness of resolvent set for Sturm-Liouville operators 

To apply Proposition 13.81 to the J-self-adjoint Sturm-Liouville operator 

sgnx / d . . d . A 
A = W)\\d-x P{x) Tx +q{x) ) 

introduced in Section I2T31 one has to insure that p(A) ^ 0. Here we discuss briefly results of this type. 
We assume that A{T, + , C + , C_} is one of model operators unitarily equivalent to the operator A 
and that M±(-) = M s± c < ± (-) are the associated Weyl functions. 
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Sometimes it is known that the asymptotic formulae of M + and M_ at oo are different. This argu- 
ment was used in [HJ Proposition 2.5 (iv)] to show that p(A) ^ for the operator (sgnx)(— d 2 /dx 2 + 
q{x)). Indeed, (12.341) shows that Mn+(-) ^ Mn-(-). One can extend this result using [3l Theorem 4] 
in the following way: if p = 1 and there exist constants r± > such that 



PX 

/ (±r(t) — r±)dt = o(x) as x — > ±0, 
Jo 



then p(A) ^ 0. 

If p ^ 1, one may use the standard change of variable s = J* to get back to the form with 
p = 1: 

Proposition 3.10. Assume that there exist positive constants r± such that 

f x dt 

r(t)dt = (r+ + o(l)) / — t— r as x -> +0, (3.38) 

Jo P(*) 

|r(t)|dt = (r_ + o(l)) / — - as ar -> -0. (3.39) 

Jx 

Then p(A) ^ 0. 

Another simple way to prove p(A) ^ uses information on the supports of spectral measures 
dT,±. In this way, it was obtained in [121 Proposition 3.1] that p(A) ^ if L = o-(— ^P^: + 
is semi-bounded from below (the proof [4^1 p. 811] given for p = 1 is valid in the general case). 
Moreover, modifying slightly the same arguments, we get the next result. 

Proposition 3.11. Assume that at least one of the symmetric operators A^^, A~ in (defined in 
Section l27S\) is semi-bounded. Then p(A) ^ 0. 

Remark 3.12. (1) Proposition 13 . 1 II has the following application to the theory of locally defmitizable 
operators (see [35] for basic definitions): the operator A = 4-p4- + q) introduced in Section 



\r\ v dx" dx 

\2.3\ is locally definitizable in some open neighborhood of oo if and only if corresponding operator 
L = |^( — d^-Plx ^ s sem ^' bounded from below. This is a natural generalization of [13, Theorem 
3.10], where the above criterion for r(x) = sgnx and p = 1 was obtained. The proof of Theorem 
3.10] (based on [7]) remains valid in general case if Proposit ion 13 . 1 1 1 is used instead of [46, Proposition 
2.5 (iv)]. 

Local definitizability of Sturm-Liouville operators with the weight function r having more than 
one turning point was considered in [8]. 

(2) And vise versa, it was noticed in [171 Proposition 4.1] that local definitizability results could 
be used to get additional information on non-real spectrum. Namely, the above criterion of local 
definitizability implies that the non-real spectrum o~(A) \ R of the operator A = sg j^ (~^P^ + q) 
is bounded if the operator L = ^(—-^p-^: + q) is semi-bounded from below (the proof is immediate 
from the definition of the local definitizability). 

(3) Under the assumption that a[y] = (sgnx)(—y" + qy) is in the limit point case in ±00, the 
fact that p(A) ^ was noticed by M. M. Malamud and the author of this paper during the work on 

and was published in 
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4 The absence of embedded eigenvalues and other applica- 
tions 

4.1 The absence of embedded eigenvalues for the case of infinite-zone 
potentials 

Theorems 13.11 and 13.31 can be applied to prove that the Sturm-Liouville operator A has no embedded 
eigenvalues in the essential spectrum if some information on the spectral measures dT,± is known. 

We illustrate the use of this idea on operators A = (sgnx)L, where L = —d 2 /dx 2 + q(x) is an 
operator in L 2 (M) with infinite- zone potentials q (in the sense of |55j, the definition is given below). 
First recall that the operator L = —d 2 /dx 2 + q(x) with infinite zone potentials q is defined on the 
maximal natural domain and is self-adjoint in L 2 (K) (i.e., the differential expression is in the limit 
point case both at ±oo). The spectrum of L is absolutely continuous and has the zone structure, 
i.e., 

a(L) = a ac (L) = K (A] U K /4] U - • ■ , (4.1) 
where {/ij}o° and are sequences of real numbers such that 

tf < tA< &<•••< v r j-i < /4 < $ < ■ ■ ■ > ( 4 - 2 ) 

and 

lim f£ = lim [A = +oo. 

j^oo J j—*oo J 

f£ (jij) is the left (right, resp.) endpoint of the j-th gap in the spectrum a(L), the "zeroth" gap is 
(— oo, /Xq). Following [55], we briefly recall the definition of infinite- zone potential under the additional 
assumptions that 

OO OO j 

5>M - /4) < °°> E -j < °°- ( 4 - 3 ) 

3=1 3=1 ^ 

Consider infinite sequences and {ej}^ such that G fi 1 -], e s G {-1, +1} for all j > 1. For 

every JVeN, put 

9s = Il£*^, /iv = (A-^)n7=i^^ (4-4) 
feiv(A) - &v(A) 2^=1 s Vfe)(A-^)' MA) - 9nW ■ ^ 

It is easy to see from (14. 3[) that gN and /at converge uniformly on every compact subset of C. 
Denote 

lim g N (X) =: g(X), lim f N (X) =: /(A). 
[55l Theorem 9.1.1] states that there exist limits 

lim h N (X) =: /i(A), lim k N (X) =: fc(A) for all A G C. 

Moreover, the functions g, f, h, and k are holomorphic in C. 
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It follows from [551 Subsection 9.1.2] that the functions 

™ N± (A) := ± 9{X) (4.6) 

are the Titchmarsh-Weyl m-coefficients on R± (corresponding to the Neumann boundary conditions) 
for some Sturm-Liouville operator L = —d 2 /dx 2 +q(x) with a real bounded potential q(-). The branch 
a/ /(•) of the multifunction is chosen such that both m± belong to the class (R) (see Section 12.31 for 
the definition). 

Definition 4.1 ([55]). A real potential q is called an infinite- zone potential if the Titchmarsh-Weyl 
m-coefficients wn± associated with —d 2 /dx 2 + q{x) on R± admit representations (14. 6p . 

Let g be an infinite- zone potential defined as above. B. Levitan proved that under the additional 
condition inf(/4 +1 — > 0, the potential g is almost-periodical (see [551 Chapter 11]). 

The following theorem describes the structure of the spectrum of the J-self-adjoint operator 
A = (sgnx)L. Note that the Titchmarsh-Weyl m-coefficients Mn± for A introduced in Section [2731 
are connected with m-coefficients for L through 

M N± (A) = ±m N ±(±A), A G C \ supp d£ ± (see e.g. [Ml Section 2.2]). (4.7) 

Theorem 4.2. Let L = —d 2 /dx 2 + q(x) be a Sturm-Liouville operator with an infinite-zone potential 
q and let A = (sgnx)L. Assume also that assumptions ( fjTM ) are satisfied for the zones of the spectrum 
cr(L). Then: 

(i) cr p (A) = crdisc(^4); that is all the eigenvalues of A are isolated and have finite algebraic multiplic- 

ity. Besides, all the eigenvalues and their geometric and algebraic multiplicities are given by 
statements (ii)-(v) of Proposition [TOl 

(ii) The nonreal spectrum o~(A) \ R consists of a finite number of eigenvalues. 

(m) = (u^oW^j+j) u (ur= [-/4+i>-/4i)- 

The functions g, f, k, and h defined above are holomorphic in C. Moreover, g and / admit the 
following representations 

9W = U^ /(A) = (A-AflII i < > 

where the infinite products converge uniformly on all compact subsets of C due to assumptions (14. 3 p 
(see [551 Section 9]). It follows from (14.51) that 

h N {X)g N {\) - k 2 N {\) = f N {\) and h(X)g(X) - k 2 (X) = /(A). (4.8) 

From this and (14.71) we get 

M ± (A) = g ' ±A > = WMM. (4 . 9) 

*(±A) T!v 7(±A) h(±X) 
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It follows from H4.8[) that the zeros of the function h belongs to (—00, /1q] U U^=i[a4> A^D- Besides, 
all the zeroes of h have multiplicity 1 (otherwise one of the functions Mn± does not belongs to the 
class (R)). This implies that the spectra of the operators defined in Section l2~3l have the following 
structure: 

00 

<r ess (A±) = a ac (A±), <x ac (A+) = -a ac (A ) = a{L) = \J[^,^ +1 ], (4.10) 

j=0 

a p (A±) = a disc (A±) = {Ael \ a(±L) : h(±X) = 0, k(±X) ± i v / /(±A) ^ 0}. (4.11) 

Proof of Theorem \4-S\ Since 7^ C (see Section [373]) . Proposition 13.81 (i) proves (iii). 

(i) We have to show that there are no eigenvalues in a ess (A). This statement follows from the 
fact that ± |J°l [/ij, fJ>j+i] C 2l (S N± ) (see f l3.ll) for the definition) and Theorem 13.11 (1). Indeed, let 
A be in Uf^ol^i' a4+i]- Note that (14. 10p implies that A G cr ac (Ao) = o" ac (Qs N+ )- It follows from 
(14.91) . (I2.33P and the Stieltjes inversion formula (see e.g. [42l formula (2.9)]) that 

W*) = ^p| fora.a. f e ± Q W^i+J ( 4 - 12 ) 

In particular, if A G UjloO^J' then S^ + (t) > Ci for |£ — A | small enough and a certain 
constant Cj > 0. So 

\t - A r 2 rfS N+ (t) = 00. (4.13) 



In the case when Ao = ^ (or Ao = fij), ( 14. 13}) also holds since £+(£) > C2 |t — Ao] 1 / 2 , C2 > 0, for t in 
a certain left (resp., right) neighborhood of A . Arguments for cr(— L) C 2lo(£_) are the same. This 
concludes the proof of (i). 

(ii) We have to prove only that o~{A) \ R is finite. [471 Proposition 4.1] (see also Remark 13.121 
(2)) implies that 

a (A) \ R is a bounded set. (4.14) 

Proposition ^. 81 (ii) states that points of a(A)\M. are zeros of the holomorphic in C\ (supp gEn+ U 
supp<i£ N _) function M N+ (A) — M N _(A), and therefore, are roots of each of the following equations 
(each subsequent equation is a modification of the previous one) 

gW <?(-A) 



(g(X)k(-X)-g(-X)k(X)f = 

= -g 2 (X)f(-X) - g 2 (-X)f(X) - 2g(X)g(-X)y/f{^Xjy/fW, 



(ig(X)k(-X) - g(-X)k(X)] 2 + g 2 (X)f(-X) + ^ 2 (-A)/(A)) 2 - 

-4sW(-A)/(-A)/(A) = 0. 
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The entire function in the left side of the last equation is not identically zero since it is positive in 
the points of the set 

{\e(a(L)\a(-L))U(a(-L)\a(L)) : g(X)g(-X) * 0} 
(this set is nonempty due to ( 14. lft . (14.6ft . and the fact that Mn±(-) ^ 0). Therefore, 

Mn + — Mn- has a finite number of zeros 

in any bounded subset of C \ (supp g?£n+ U supp gEn-) (d C \ R). (4.15) 

Combining this and ( 14.141) . we see that u{A) \ R is finite. □ 

Note that (14.151) implies that each gap of the essential spectrum a ess (A) has at most finite number 
of eigenvalues. 

4.2 Other applications 

A part of this paper was obtained in author's candidate thesis [38], was announced together with some 
applications in the short communication [39], and was a base of several author's conference talks in 
2004-2005. Namely, in [3E1EH], the operator A{T, + , C + , E_, C_} was introduced as a functional model 
for the operator (sgnx)(— d 2 /dx 2 + q) (see Theorem 12.6ft and the description of eigenvalues under 
conditions fl3.4ft was given (see Theorem 13. ip . These results were used in [161 H2]. The idea of the 
functional model originated from [HI 05], where a representation of the operator (sgnx)(— d 2 /dx 2 + q) 
as an extension of a direct sum of two symmetric Sturm-Liouville operators was used essentially (in 
a less explicit form the same idea appeared earlier in [T71 [28]). 

The absence of embedded eigenvalues in the essential spectrum of the operator (sgna;)(— d 2 /dx 2 + 
q) with a finite- zone potential q was proved in [1H1 Theorem 7.1 (2)] via Theorem 13.11 This proof is 
adopted in part (i) of Theorem 14.21 for the infinite-zone case. 

Theorem 13.11 helps to find algebraic multiplicity of embedded eigenvalues. This was used in a 
paper of A. Kostenko and the author (see [12], Proposition 2.2, Theorems 6.1 (ii) and 6.4 (ii)) to 
prove simplicity of the eigenvalue A = for two operators of type (sgnx)(— d 2 /dx 2 + q). This fact 
and necessary conditions for regularity of critical points (see [121 Theorem 3.9]) allowed us to show 
that is a singular critical point for the considered operators (see |4~2| Remark 6.3, Theorem 6.4 (iii)] 
and also Section [5] of the present paper). 

The fact that may be a non-semi-simple eigenvalue (i.e., kerA 2 ^ ker^4) is essential for the 
theory of "two-way" diffusion equations. In the simplest case, such equations lead to spectral analysis 
of J-nonnegative operators that take the form of the operator A introduced in Section 12.31 If and 
oo are not singular critical points of A than the algebraic multiplicity of affects proper settings of 
boundary value problems for the corresponding diffusion equation (see [6j El E2])- If is a singular 
critical point of A, as in the examples constructed in [121 HI] and Section El the existence and 
uniqueness theory for corresponding diffusion equations is not well-understood (see [1B1 Section 1], 

m esi ma). 

Remark 4.3. For periodic potentials and certain classes of decaying potentials, asymptotic behavior 
of solutions of — y" + qy = Xy is well-known and yields the absence of eigenvalues in some parts of the 
spectrum of the operator A = (sgnx)L (where L = —d 2 /dx 2 + q is a self-adjoint operator in L 2 (R)). 
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For example, the assumption J_ °° (l + \x\)\q(x)\dx < oo yields a p (A)r\M = (see e.g. [581 Lemma 
3.1.1 and formula (3.2.4)]). This fact was used essentially in [441 Section 4] to prove that, for this 
class of potentials, A is similar to self-adjoint operator exactly when L > 0. For periodic potentials, 
Cess (^4) H Cp(A) = follows from [63j Section 21]. For q e -^(R), the fact that the only possible 
real eigenvalue is (i.e., o~ p (A) n R C {0}) follows immediately from [63J, Section 5.7] or from [T3l 
Problem IX.4]. 

5 Remarks on indefinite Sturm-Liouville operators with the 
singular critical point 

In this section, we provide an alternative approach to examples of J-self-adjoint Sturm-Liouville 
operators with the singular critical point constructed in [421 Sections 5 and 6] and (HI Section 5]. 

As before, let if be a Hilbert space with a scalar product (•, •)#. Suppose that H = H + © 
where H + and H_ are (closed) subspaces of H. Denote by P± the orthogonal projections from H 
onto H±. Let J = P + — P_ and [•, •] := (J-, •)#. Then the pair K = (H, [•, •]) is called a Krein space. 
The operator J is called a fundamental symmetry (or a signature operator) in the Krein space K. 
Basic facts on the theory of Krein spaces and the theory of J-self-adjoint definitizable operators can 
be found e.g. in [54]. An account on (non-differential) operators with a finite singular critical point 
can be found in [15]. The following proposition is a simple consequence of [541 Theorem II.5.7]. 

Proposition 5.1. Assume that a J-self-adjoint definitizable operator B has a simple eigenvalue 
Ao G R and that a corresponding eigenvector f 6 ker(B — Ao) \ {0} is neutral (i.e., [/o, /o] = 0)- 
Then Ao is a singular critical point of B. 

Proof. Assume that Ao is not a singular critical point of B. Then there exist a J-orthogonal decom- 
position into a direct sum of two closed subspaces H = Hq[+]Hi that reduces the operator B and 
such that H is a root subspace corresponding to A and A ^ cr p (B \ Hi) (this follows from [54] . 
Proposition II. 5.1, Proposition II. 5. 6, Theorem II. 5. 7, and the decomposition (II. 2. 10)). Since the 
eigenvalue A is simple, we have H = {cf , c 6 C}. Since f is neutral, we see that [/ , /] = for all 
/ in H. So {H, [•,•]} is not a Krein space, a contradiction. □ 

It is not difficult to see that the operators considered in [421 Sections 5 and 6] and [441 Section 5] 
satisfy conditions of Proposition 15.11 and so Proposition 15.11 can be used in these two papers instead 
of [421 Theorem 3.4]. This does not makes the proofs much simpler, but the results become clearer 
from the Krein space point of view. 

Remark 5.2. The necessary similarity condition given in [421 Theorem 3.4] is of independent interest 
since it provides a criterion of similarity to a self-adjoint operator for operators (sgna;)(— d 2 /dx 2 +q) 
with finite-zone potentials (see [421 Remark 3.7]). And it is unknown whether the condition of fj^ 
Theorem 3.4] provides a criterion of similarity to a self- adjoint operator for the general operator 
^^(~~ct-P~c[x 5) wtth one turning point introduced in Section [273] 

Using Proposition 15.11 a large class of operators with the singular critical point similar to that 
of [421 IH] can be constructed. In the next theorem, we characterize the case described in Proposition 
15.11 among the operators A r := — that have the limit point case both at ±00 (and act in 
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L 2 (R; \r{x)\dx)). So we assume that 

r G L[ oc (R), r(x) = (sgnx)|r(x)|, (5.1) 
x 2 \r(x)\dx = oo, (5.2) 



and the operator A r is defined on its maximal domain. Condition (15.21) is equivalent to J-self- 
adjointness of A r with J : f(x) \—> (sgax)f(x). Obviously, A r is J-non-negative and definitizable 
(see [H] and also Proposition 13. lip . 

Theorem 5.3. Let assumptions (15.11) . (15.21) be satisfied. Then: 
(1) Two following statements are equivalent: 

(rl) A r has a simple eigenvalue at and [fo, fo] = for f G ker^4 r \ {0}. 
(r2) r £ L l (R), J R r(x)dx = 0, and 

PX P + OO 

(yi(x)) 2 \r(x)\dx = +oo, where y 1 (x) := / / r(t) dtds. (5.3) 



(2) If (r2) is satisfied, then is a singular critical point of A r . 

Proof. We need to prove only (1). Let us note that r G L X (R) is equivalent to G a p (A r ). If the 
latter holds, then fo(x) = 1 is an eigenfunction (unique up to multiplication by a constant), and 
[/o> fo] — is equivalent to J R r(x)dx = 0. 

Assume that the eigenvalue is not simple. Then there is a generalized eigenfunction of first 
order y G L 2 (IR, \r(x)\dx), which is a solution of A r y = fo- It is easy to see that the derivative of 
y has the form y' = y[ + C\, where C\ G C is a constant and y\ is defined by (15.31) . Condition 
y G L 2 {R, \r(x)\dx) implies that C\ — (otherwise y'(x) — > C\ ^ as x — * ±oo and, therefore, 
y g" L 2 (R; |r(a;)|(ix) due to (15.21) ). This shows that yi is the only possible generalized eigenvector, 
and (I5.3p ensures that y± G" L 2 (IR, \r{x)\dx). Thus, (15. 3p is equivalent to the fact that is a simple 
eigenvalue (under the assumptions r G ^(R), J R r(x)dx = 0). □ 

In the following corollary f(x) x g(x) as a; — > +oo (x — > — oo) means that for X > large enough 
both ^ and j are bounded on (X, +oo) (resp., (— oo, —X)). 

Corollary 5.4. Assume that condition (15.11) is satisfied and r(x) x ±|x| a as x — > ±oo. If a & 
[—5/3, —1) and J R r(x)c?x = ; then the operator A r has a singular critical point at 0. 

This includes [4"2~j Theorem 5.1 (ii)-(iV)], also it is interesting to compare this result with the 
sufficient condition on regularity of given in [5T],[3H Theorem 1.3], and the discussions in [HI 
Section 5.2] and [HJ Section 5]. 

Remark 5.5. Theorem 15.31 can be easily generalized to weight functions r with many turning points 
under the assumption that 

r(x) is of constant sign a. e. on (— oo, — X) and (X, +oo) (5.4) 

for certain X > large enough. Indeed, assume additionally r G L 1 1 oc (R), r ^ a.e. on R, and (15.21) . 

[T6l Proposition 2.5] implies that the maximal operator A r := — --£s is definitizable. Now it is easy 

i d 2 

r dx 2 ' 



to see that statements (1) and (2) of Theorem 15.31 are valid with the same proof for A r = — 
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6 Discussion 

From another point of view algebraic multiplicities of eigenvalues of defmitizable operators was con- 
sidered in [5~4"1 Proposition II. 2.1] and [HI Section 1.3] in terms of definitizing polynomials. For 
operators ~^P^ + <?)> Theorem 13.31 solves the same problem in terms of Titchmarsh-Weyl 

m-coefficients. Combining both approaches, it is possible to get quite precise results both on eigen- 
values and on definitizing polynomials. Such analysis was done in [4*4"1 Section 4.3] for operators 
(sgnx)(— d 2 /dx 2 + q) with potentials q G L 1 (IR; (1 + |x|)<ix); in particular, the minimal definitizing 
polynomial was described in terms of Titchmarsh-Weyl m-coefficients (recently, [52] was used in [9] 
to extended some results of [HJ Section 4.3] on a slightly more general class of potentials). 

A. Kostenko and later B. Curgus informed the author that Theorem 13.11 and [4"2| Section 6.1] are 
in disagreement with one of the statements of [HI p. 39, 1st paragraph]. 

Namely, [El Section 1.3] is concerned with J-self-adjoint operators A (in a Krein space K = 
(H, [•,•])) such that the form [A-, •] has a finite number k A of negative squares. Such operators are 
sometimes called quasi- J-nonnegative. It is assumed also that p(A) ^ 0. Here, as before, if is a 
Hilbert space, J is a fundamental symmetry, and [■, ■] := («/•, •)#. 

According to [HJ p. 39, 1st paragraph] (the author changes slightly the appearance): 

(pi) an operator A of the type mentioned above has a definitizing polynomial pa of the form 
Pa(z) = zqA{z)qA{z)i where the polynomial qA can be chosen monic and of minimal degree. 
Under these assumptions, qA is unique and its degree is less than or equal to k A - 

(p2) A real number A 7^ is a zero of qA if and only if it is an eigenvalue of A such that A[/, /] < 
for some corresponding eigenvector /. 

(p3) g^O) = implies that is an eigenvalue of A and one of corresponding Jordan chains is of 
length > 2. 

Note also that in the settings of [HI p. 39, 1st paragraph], qA is of minimal degree, but it easy 
to see the definitizing polynomial pa may be not a definitizing polynomial of minimal degree. 

From the author's point of view, two following statements in [16j Section 1.3] are incorrect: 
assertion (p3) and the equality dim Jzf = k A + k A in [TBI Proposition 1.5]. Statement (p3) was 
given as a simple consequence of considerations in [54] . The proof of [THl Proposition 1.5] has an 
unclear point, which is discussed below. As far as the author understand, all other results of [16] (as 
well as results obtained in [HI Section 4.3]) do not depend of these two statements. 

Let us explain points of contradiction in more details. In j42j Section 6.1], the operator A, defined 

by 

A := JL, (Jf)(x) = (sgnx)f(x), (Ly)(x) = -y"(x) + 6 ^-^ y(x), (6.1) 

is considered in J 2 (IR). The operators L and A are defined on their maximal domains, L is self- 
adjoint, and A is J-self-adjoint. We will use here notations of Section 12.31 In particular, [[•] is the 
differential expression of the operator L. 

We will need the following properties of the operator A. 



Proposition 6.1 (cf. Section 6.1 in [42]). Let A be the J-self-adjoint operator defined by A6.1\) . 
Then: 
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(i) A is a quasi- J -non-negative operator, with Ua = 1, i-G., the sesquilinear form [A-,-] has one 

negative square; 

(ii) a(A) c R; 

(iii) a p (A) = {0}; 

(iv) is a simple eigenvalue of A. 

Statements (ii) and (iv) of Proposition 16.11 were proved in [121 Theorem 6.1]. Statement (i) was 
given in [121 Remark 6.3] with a very shortened proof. For the sake of completeness, we give below 
the proofs of statements (i) and (iii). 

Proof. Statement (i) follows from [T6l Remark 1.2] and the fact that the negative part of the spectrum 
of the operator L consists of one simple eigenvalue at Ao = — 1. 

Let us prove that o-(L) D (— oo, 0) = { — 1}. Consider the operators Lq associated with the differ- 
ential expression [[•] and the Neumann problems y'(±0) = on R±, and let mN± be the corresponding 
Titchmarsh-Weyl m-coefficients, see e.g. [Ml formula (2.7)]. 

It follows from [121 Lemma 6.2] that both the Titchmarsh-Weyl m-coefficient m-^± are equal to 
the function m defined by 

^o(A)= 1 + A( A _ A)1/2 , A G C \ ({—1} U [0, +oo)) , (6.2) 

where z 1//2 denotes the branch of the complex root with a cut along the negative semi-axis R_ such 
that (-1 + iO) 1 / 2 = i. 

A = — 1 is a pole of m , and therefore, an eigenvalue of both the operators Lq, Lq, and in turn 
an eigenvalue of L. 

The support of the spectral measure of mo is equal to { — 1} U [0, +oo), see part (ii) of the proof of 
pi2l Theorem 6.1]. It is easy to see from the standard definition of Titchmarsh-Weyl m-coefficients 
(or from [21], Proposition 2.1]) that A G (—oo, —1) U (—1, 0) belongs to the spectrum of L if and only 
if mN+(A) +mN-(A) = 0. But [121 formula (6.2)] implies that mN+(A) + win-(A) = 2m (A) ^ for 
all A E (-oo,-l) U (-1,0). 

Thus, the eigenvalue Ao = —1 is the only point of the spectrum of L in (— oo,0). Ao = — 1 is a 
simple eigenvalue since [[•] is in the limit point case at ±oo (see [65, Theorem 5.3]). 

(iii) It is proved in [121 Theorem 6.1] that is an eigenvalue of A and that c(A) C R. Here we 
have to show that A has no eigenvalues in R \ {0}. 

The proof of [42], Theorem 6.1 (ii)] states that the Titchmarsh-Weyl m-coefficient Mn+ is equal 
to m , that its spectral measure £n+ is absolutely continuous on intervals [0,X], X > 0, and that 
for t > we have 

^ 7T(1 + ■ 

Combining this with Theorem 13.11 (1), we see that (0, +oo) c 21o(Sn+), and therefore o- p (A) n 
(0, +oo) = 0. Since the potential of L is even, we see that o- p (A) H (—oo, 0) = 0. This concludes the 
proof. □ 
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Remark 6.2. Actually, o~(A) = R. This follows from Proposition 13.81 (i) and the fact that Mn±(-) = 
±mN±(±-). The fact that A has no eigenvalues in R \ {0} can also be easily obtained from [63], 
Section 5.7] or from [131 Problem IX. 4]. 

Combining Proposition 16.11 with (pi) and (p2), we will show that q A (z) = z, and that Qa{z) = z 
contradicts (p3). Indeed, since L is not nonnegative, the polynomial z is not a defmitizing polynomial 
of the operator A. So Pa(z) ^ z, and therefore qA is nontrivial. qA has the degree equal to Ua — 1 
due to (pi). Since the polynomial qA is of minimal degree, Proposition 16.11 (ii) implies that qA has 
no non-real zeros, see [5U p. 11, the second paragraph] or [16, p. 38, the last paragraph]. (Note also 
that in our case pa is a defmitizing polynomial of minimal degree since is a critical point of A.) By 
Proposition 16. II (iii) . A has no eigenvalues in R\ {0}. Therefore, statement (p2) implies that qA has 
no zeros in R \ {0}. Summarizing, we see that q A (z) = z and Pa(z) = z 3 . Proposition 16.11 (iv) states 
that is a simple eigenvalue. This fact contradicts (p3). 

The equality dim Jzf = + k A from [T6l Proposition 1.5] is not valid for the operator A defined 
by fl£U). 

Namely, [TBI Proposition 1.5] states that there exists an invariant under A subspace J2?o of dimen- 
sion dim J?fo = k A + k° A , where k° A is the dimension of the isotropic part of the root subspace S?o(A) 
with respect to the sesquilinear form [A-, ■]. For the operator A defined by (16 .11) . statements (i) and 
(iv) of Proposition 16.11 imply that k A — 1 and k A — 1, respectively. So Jzfo is a two-dimensional 
invariant subspace of A. All the root subspaces of the restriction A \ J/f Q are root subspaces of A, 
and therefore Proposition 16.11 (iii)-(iv) implies dimJzf < 1. This contradicts dimJzf = k A + k A — 2. 

Remark 6.3. From the author's point of view, the statement 'the inner product [A-, ■} has k A negative 
squares on ^o(A)' in the proof of [HI Proposition 1.5] is not valid for the operator A defined by 
(16.11) . since in this case S?q{A) = ker A, but k" A = 1. 

A Appendix: Boundary triplets for symmetric operators 

In this section we recall necessary definitions and facts from the theory of boundary triplets and 
abstract Weyl functions following [29] I5H [2T| 122] . 

Let H, H, Hi, and TC2 be complex Hilbert spaces. By [Hi, H2) we denote the set of bounded linear 
operators acting from the space Hi to the space H2 and defined on all the space Hi. If Hi — Hi, 
we write [Hi] instead of [Hi, Hi]. 

Let S be a closed densely defined symmetric operator in H with equal deficiency indices n+(S) = 
n _(S) = n (by definition, n ± {S) := dim €^(5), where Wx(S) := kei(S* - A/)). 

Definition A.l. A triplet II = {H, Tq,Ti} consisting of an auxiliary Hilbert space H and linear 
mappings Tj : dom(S'*) — > H, (j = 0, 1), is called a boundary triplet for S* if the following two 
conditions are satisfied: 

(i) (S*f, g) H - (/, S*g) H = (Tif, T g) H - (T f, Vig) H , f,gE dom(5*); 

(ii) the linear mapping T = {T f, Tif} : dom(S'*) — > H © H is surjective. 

In the rest of this section we assume that the Hilbert space H is separable. Then the existence 
of a boundary triplet for S* is equivalent to n + (S) = n_(S). 
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The mappings T and T\ naturally induce two extensions So and Si of S given by 

Sj := S* \ dom(Sj), dom(S'j) = kerTj, j = 0, 1. 

It turns out that 5*0 and Si are self-adjoint operators in H, S* = Sj, j = 0, 1. 

The 'y-field of the operator S corresponding to the boundary triplet II is the operator function 
7(-) : p(Sq) — > [H,yi\(S)] defined by 7(A) := (T \ O^S*)) -1 - The function 7 is well-defined and 
holomorphic on p(S ). 

Definition A. 2 ([211 [22]). Let II = {H,T ,Ti} be a boundary triplet for the operator S*. The 
operator- valued function M(-) : p(S ) — > [H] defined by 

M(A) := r l7 (A), A G p(S ), 

is called the Weyl function of S corresponding to the boundary triplet IT. 

Note that the Weyl function M is holomorphic on p(So) and is an (operator-valued) (i?)-function 
obeying G p(lm(M(i))). 

The author expresses his gratitude to Paul Binding, Branko Curgus, Aleksey Kostenko, and Cor- 
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to thank the organizers of the conference IWOTA 2008 for the hospitality of the College of William 
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